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Thermal radiative characteristics of packed beds containing a mixture of polydispersed SiO2, ZnO, and C
particles are determined numerically by employing the Monte Carlo technique, which is validated with
the experimentally measured overall transmittance. A radiative heat transfer model is formulated for a
pseudo-continuum multi-component medium of Mie-scattering particles. Good agreement is achieved by
incorporating approximate phase functions that reproduce the experimentally observed preference for
forward scattering.
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1. Introduction

Packed beds containing reacting particles exposed to high-flux
irradiation are encountered in thermochemical applications that
make use of concentrated solar energy as the source of high-
temperature process heat [1–5]. These packed beds, which of-
ten involve particles of metal oxides, carbonaceous materials, and
other highly-attenuating materials, are characterized by their low
effective thermal conductivity, which leads to large temperature
gradients and, consequently, to a non-uniform rate of chemical
reaction. Thus, heat transfer within the packed bed becomes the
limiting controlling mechanism and affects the energy conversion
efficiency of the solar thermochemical process. Of special interest
is the carbothermic reduction of ZnO at above 1200 K, performed
in a shrinking packed bed exposed to intense thermal radiation in-
cident from the top under conditions that are typical of ablation
processes [3]. Experimental radiation measurements and associ-
ated numerical Monte Carlo simulations of a packed-bed ZnO/C
mixture revealed a short mean free path of radiation propagation
through this material [6]. In a following study, it was shown ex-
perimentally that adding large (>100 μm) semi-transparent SiO2
particles can significantly reduce the optical thickness, and con-
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sequently, enhance the radiative heat transfer within the packed-
bed [7]. Previous pertinent studies of the radiative properties in
particulate media include a review of experimental work up to
1991 and scattering analysis of collimated radiation [8], exper-
imental characterization of radiative properties of disperse sys-
tems [9], experimental determination of the extinction coefficient
of packed-beds [10–13] and dense media [14,15], and Monte Carlo-
based determination of radiative characteristics of packed beds of
large particles [16–18].

In the present paper, thermal radiative properties of packed-
beds containing polydispersed SiO2, ZnO and C particles are deter-
mined by applying the Monte Carlo technique, which is validated
by comparing numerically computed and experimentally measured
overall transmittance.

2. Experimental set-up

The experimental set-up and methodology have been previ-
ously described in detail [7]; only the principal features are sum-
marized here and shown schematically in Fig. 1. The main hard-
ware components are: (#1) a 5 mW He–Ne laser as a source
of monochromatic radiation at 632.8 nm; (#2) a fiber optic of
400 μm diameter; (#3) a convex BK7 lens of 20 mm-width and
50 mm-focal length; (#4) a 6 mm diameter diaphragm; (#5) a
sample placed inside a holder consisting of 20 mm-internal di-
ameter steel rings mounted on top of a 3.3 mm-thick 50 mm-di-
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Nomenclature

A, B parameters in Eqs. (1) and (2)
a particle radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
f volumetric particle size distribution function . . . m−1

f v particle volume fraction
i medium component index, i = SiO2, ZnO, and C
j index in Eq. (2)
k index of a scattering component in Eqs. (11) and (12)
m complex refractive index, m = n − ik
n number of medium components
np particle size distribution function . . . . . . . . . . . . . . . m−1

N number of stochastic rays in MC
Q efficiency factor
Q̇ heat transfer rate, power . . . . . . . . . . . . . . . . . . . . . . . . . . . W
s path length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
T overall transmittance
xi mass fraction of component i

Greek symbols

β extinction coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m−1

γ parameter in Eqs. (1) and (2)
� thickness of a packed-bed sample . . . . . . . . . . . . . . . . . . m
ζ forward-scattering amplification factor for ZnO
δ parameter in Eqs. (1) and (2)
θ cone (polar) angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rad
κ absorption coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . m−1

λ wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ξ particle size parameter
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

σ Stefan-Boltzmann constant, σ = 5.6704·
10−8 W m−2 K−4

σsca scattering coefficient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m−1

Φ scattering phase function
ϕ circumferential (azimuthal) angle . . . . . . . . . . . . . . . . . rad
ω scattering albedo

Other symbols

� random number from a uniform distribution (0,1)

Subscripts

abs absorption
b bulk
C carbon
exp experimental
ext extinction
in incident
p particle
r radiative
refr refracted
sca scattering
SiO2 silicon dioxide (quartz)
ZnO zinc oxide
λ spectral

Superscripts

m mixture
Fig. 1. Experimental set-up: 1–He–Ne laser light, 2–fiber optic, 3–collimating lens,
4–diaphragm, 5–sample holder, 6–collecting lens, 7–fiber optic, 8–spectrometer
equipped with an Si detector and an optical chopper, 9–lock-in amplifier, 10–PC
data acquisition.

ameter CDARTM-coated glass window; (#6) a MgF2-coated BK7
lens of 18 mm-width and 72 mm-focal length; (#7) a fiber op-
tic of 800 μm diameter (400 μm core) and 11◦ cone acceptance
angle; (#8) a Triax 320 spectrometer equipped with a Si detector
Table 1
Particle density, bulk density, volume fraction, and parameters of volumetric size
distribution functions of unmixed SiO2, ZnO and C powders.

i ρp,i

(kg m−3)
ρb,i

(kg m−3)
f v,i A B γ δ

SiO2 2250 1300 0.577 1.0474 · 1018 1.6069 · 104 0.784 1
ZnO 5559 731.4 0.132 8.6959 · 1038 8.8772 · 102 1.6189 0.2887

C
j = 1

1507 323.6 0.215
1.0653 · 1021 4.2176 · 105 0.2351 1

j = 2 5.6173 · 1044 4.4486 · 102 4.0963 0.2841

and an optical chopper; (#9) a lock-in amplifier; and (#10) a PC
data acquisition system.

Three powder materials were used to prepare the samples: SiO2
(crushed natural silica), ZnO (Grillo Nr. 2011), and C (Chemviron,
beech charcoal powder). Table 1 lists particle and bulk densities,
and volume fractions. Fig. 2 shows volumetric particle size distri-
bution functions f i(a) normalized according to

∫ ∞
0 f i(a)da = 1,

– for i = SiO2 and ZnO,

f i(a) = 4π

3 f v,i
Aia

γi+3 exp
(−Bia

δi
)
, (1)

– for i = C,

f i(a) = 4π

3 f v,i

2∑
j=1

A ja
γi+3 exp

(−B ja
δi
)
, (2)

where f v,i is the volume fraction of the unmixed component i,
shown in Table 1. Parameters A, B , γ , and δ were obtained by
using the non-linear least-square Levenberg–Marquardt algorithm
to fit Eqs. (1) and (2) to the experimentally measured values [19].
They are listed in Table 1. Measurements were performed by laser
granulometry for ZnO (Cilas 715, ARP GmbH), by laser scattering
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Fig. 2. Particle size distributions of SiO2, ZnO, and C powders.

particle size analysis for C (Horiba LA-950) and by sieving for SiO2.
The Sauter mean particle radii, calculated by using the fitted func-
tions f i(a) as,

a32,i =
∫ ∞

0 f i(a)da∫ ∞
0 a−1 f i(a)da

=
∫ ∞

0 a3np,i(a)da∫ ∞
0 a2np,i(a)da

, (3)

are 235.5, 0.9 and 39.6 μm for SiO2, ZnO and C, respectively, which,
at λ = 632.8 nm, correspond to particle size parameters ξ ≡ 2πa/λ

of 2338, 9.04 and 393, respectively. The medians a50 of the mea-
sured three distributions are 227.4, 1.8 and 44.7 μm, respectively,
corresponding to ξ = 2258, 17.87 and 444, respectively. The com-
positions of the packed-bed mixture samples are listed in Table 2.
Table 2
Composition of the samples.

Sample Composition (mass %) xSiO2 xZnO xC ρm
b (kg m−3)

1 100% SiO2 1 0 0 1300
2 5% ZnO in SiO2 0.95 0.05 0 1251
3 10% ZnO in SiO2 0.9 0.1 0 1206
4 2.5% ZnO + C in SiO2 0.975 0.02206 0.00294 1267
5 7.5% ZnO + C in SiO2 0.925 0.06618 0.00882 1206

Note that the molar ratios ZnO:C for samples #4 and #5 are the
same and equal to 1:0.9.

3. Radiative properties of polydispersed SiO2, ZnO, and C
particles

In the first approach, radiative properties of SiO2, ZnO, and C
powders were computed by applying the Mie theory to polydis-
persed particles of component i in the packed-bed mixture, and
assuming independent scattering by referring to the independent-
dependent scattering regime map by Tien and Drolen for the range
of particle volume fractions and mean size parameters pertinent to
this study [20,22–24]. Thus, the absorption, scattering and extinc-
tion coefficients, and the scattering phase function are calculated
as1

{
κm

i , σ m
sca,i, β

m
i

}

= 0.75 f m
v,i

∞∫
0

{Q abs,i(a), Q sca,i(a), Q ext,i(a)}
a

fi(a)da

= 0.75 f m
v,i

∫ ∞
0 {Q abs,i(a), Q sca,i(a), Q ext,i(a)}a2np,i(a)da∫ ∞

0 a3np,i(a)da
, (4)

Φi(θ) = 0.75 f m
v,i

σ m
sca,i

∞∫
0

Q sca,i(a)Φi(a, θ)

a
fi(a)da, (5)

where f m
v,i is the actual volume fraction of component i in the

mixture, calculated as

f m
v,i = xiρ

m
b

ρp,i
, (6)

xi is the mass fraction of component i,
∑

i xi = 1, shown in Table 2,
and ρm

b is the bulk density of a sample. Refractive indices used
were mSiO2 = 1.457, mZnO = 1.988–5.33 · 10−5i, mC = 1.775–0.508i
[25–27]. The integrals in Eqs. (5) and (6) are computed using
Romberg’s method [28]. Q abs, Q sca, and Q ext for SiO2, ZnO, and
C are computed using the BHMIE subroutine [24] and are shown
in Fig. 3 as functions of particle radius a. Note that Q abs is zero
for SiO2 for any particle radius a as a consequence of the negli-
gible imaginary part of mSiO2 , and hence σsca,SiO2 = βSiO2 . Q abs is
very small for ZnO due to significant semi-transparency of ZnO at
632.8 nm. Fig. 4 shows Φ for SiO2, ZnO, and C, integrated over all
radii, as a function of the scattering angle θsca. Table 3 lists the
scattering and extinction coefficients of unmixed SiO2, ZnO and C
powders obtained by using Eq. (4) for f m

v,i ≡ f v,i . Also shown are
the values obtained by applying the monodispersed approximation
to Eq. (4) [22],

{κi, σsca,i, βi} = 0.75 f v,i

a

{
Q abs,i(a), Q sca,i(a), Q ext,i(a)

}
, (7)

1 The spectral subscript λ is omitted in the notation for brevity throughout the
paper.
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Fig. 3. Extinction and scattering efficiency factors of SiO2, ZnO, and C particles as a
function of particle radius, obtained by applying Mie theory.

where a ≡ a50 or a ≡ a32. Since the agreement between the results
for poly- and monodispersed particles is reasonable only for SiO2,
the radiative properties employed in the numerical simulations
are those obtained for polydispersions. Because of the uncertainty
of the measured particle size distribution for ZnO, the effect of
varying by 5% the parameters B , γ , and δ was examined on the
extinction coefficient βZnO. Results of this sensitivity analysis are
shown in Table 4. As expected after inspecting Eq. (1), the vari-
ation of δ has the strongest influence on βZnO. The variation by
5% of both the real and imaginary parts of mZnO and mC, and the
real part of mSiO has a negligible effect on the radiative proper-
ties.
Fig. 4. Scattering phase functions Φ(θ) of polydispersed SiO2, ZnO, and C particles
as a function of the scattering angle, obtained by applying the Mie solution.

Table 3
Scattering and extinction coefficients of unmixed SiO2, ZnO and C powders obtained
by applying Mie theory.

i Dispersion σsca,i (m−1) βi (m−1)

SiO2 mono, a50 3823 3823
mono, a32 3719 3719
poly 3705 3705

ZnO mono, a50 138983 139341
mono, a32 317611 317914
poly 214364 214708

C mono, a50 4262 7327
mono, a32 4817 8283
poly 9509 16591

Table 4
Sensitivity analysis by 5% variation of the particle size distribution parameters
(Eq. (1)) on the extinction coefficient βZnO (in m−1).

Parameter .0.95 .1.00 .1.05

B 176052 214708 259465
γ 228850 214708 201239
δ 381684 214708 124718

4. Monte Carlo analysis

The collision-based ray-tracing Monte Carlo (MC) method is ap-
plied to solve for overall transmittance through packed-bed sam-
ples, defined as [7,20,21],

T ≡ Q̇

Q̇ 0
, (8)

where Q̇ and Q̇ 0 are the radiative power acquired by the fiber
optics (#7 in Fig. 1) with and without a sample present in the
sample holder, respectively. A large number of stochastic rays
Nrays = 106 is launched uniformly on a circular disc above the sam-
ple. A generic ray can undergo multiple scattering or absorption in
the medium. The path length s to a scattering/absorption event is
computed via [20,21],

s = − 1∑n
i=1 βm

i

ln �s. (9)

If

�ω �
∑n

i=1 σ m
sca,i∑n
βm , (10)
i=1 i
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absorption occurs and the history of the ray is terminated. Oth-
erwise, the scattering medium component k and the scattering
direction (θsca, φsca) are determined according to,

k−1∑
i=1

σ m
sca,i � �k

n∑
i=1

σ m
sca,i <

k∑
i=1

σ m
sca,i, (11)

�ϕsca = ϕsca

2π
; �θsca = 1

2

θsca∫
0

Φk(θ) sin θ dθ. (12)

When s exceeds the path length to the medium boundaries, re-
flection/absorption occurs at the walls assumed grey and diffuse
with total hemispherical reflectivity ρ = 0.5. A ray reaching the
upper free medium boundary is lost. Ray tracing in the supporting
window and the focusing lens is performed by accounting for re-
fraction and reflection at outer and inner surfaces using Snell’s law
and Fresnel’s equations for non-absorbing media, respectively,

nin sin θin = nrefr sin θrefr, (13)

ρ ′ = 1

2

[(
cos θin/ cos θrefr − nin/nrefr

cos θin/ cos θrefr + nin/nrefr

)2

+
(

cos θrefr/ cos θin − nin/nrefr

cos θrefr/ cos θin + nin/nrefr

)2]
, (14)

where θin and θrefr are the cone angles of incidence and refraction,
respectively, and nin and nrefr are the refractive indices of the me-
dia the ray traverses before and after refraction, respectively. The
refractive indices of both the supporting window and the lens glass
are assumed to be equal 1.515. Finally, Eq. (8) is approximated by

T ≈ N

N0
, (15)

where N and N0 are the numbers of rays intercepted by the fiber
optics with and without a sample present in the sample holder,
respectively.

5. Experimental and numerical results

All radiative properties of mixture components i reported in
this section refer to volume fractions of unmixed powders, f v,i ,
given in Table 1. The actual values employed in the simulations
are based on f m , corresponding to compositions of Table 2. The
v,i
Fig. 5. Numerically calculated and experimentally measured overall transmittance of
sample 1.

numerically calculated and experimentally measured overall trans-
mittance T for samples 1–5 is shown in Figs. 5–7. Each experi-
mental data point in Figs. 5–7 represents an average of 10 mea-
surements [7].

Fig. 5 shows T for sample 1. The numerical values of T obtained
for Mie-based βSiO2 and ΦSiO2 follow approximately an exponen-
tial trend (Bouguer’s law) and are significantly lower than those
obtained experimentally. This implies that the contribution of in-
coming scattering, which in turn is a result of multiple scattering
within the medium, is under-predicted by the MC simulation. Good
agreement was obtained for βSiO2 , increased by approximately one
order of magnitude, and the Mie phase function amplified into the
forward direction. However, the fraction of forward-scattered ra-
diation was still insufficient to avoid the underestimation of T for
thicker samples. Thus, an approximate phase function that matches
the experimentally observed strong preference for forward scatter-
ing is constructed as

Φ∗
SiO2

(θ) =
⎧⎨
⎩

π
θmax,SiO2

sin
(

π
θmax,SiO2

θ
)

sin θ
, θ � θmax,SiO2 ,

0, θ > θmax,SiO2

(16)

which leads to βSiO2 = 3800 m−1 and θmax,SiO2 = 0.70◦ . These val-
ues are used for SiO2 in simulations of samples 2–5. The relative
difference between the Mie-based and Φ∗ -based βSiO is 2.56%.
SiO2 2
Fig. 6. Numerically calculated and experimentally measured overall transmittance of (a) sample 2 and (b) sample 3.
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Fig. 7. Numerically calculated and experimentally measured overall transmittance of (a) sample 4 and (b) sample 5.
Figs. 6a and 6b show T for samples 2 and 3, respectively. Note
that for both samples, T computed using Mie-based σsca,ZnO, βZnO
and ΦZnO is in the range 10−6–10−5 and hence omitted from the
plot. This drastic underestimation of T is explained by the very
high values of σsca,ZnO and βZnO leading to significant off-scattering
from the main optical axis z in the simulation. The phase function
obtained by applying the Mie theory is only slightly modified by
enhancing the forward-scattering fraction, leading to a modified
phase function Φ∗∗

ZnO,

Φ∗∗
ZnO(θ) = 2Φ∗

ZnO(θ)∫ π
0 Φ∗

ZnO(θ) sin θ dθ
;

Φ∗
ZnO(θ) =

{
ζΦZnO(θ), θ � θmax,ZnO,

ΦZnO(θ), θ > θmax,ZnO.
(17)

The simultaneous variation of σsca,ZnO, βZnO, and ΦZnO in the sim-
ulations of samples 2 and 3 led to βZnO = 39000 m−1, σsca,ZnO =
37800 m−1, θmax,ZnO = 1◦ , and ζ = 400. As seen in Fig. 6, an ex-
cellent agreement with the experimental data is achieved for these
values. The phase function of Eq. (17) is further used in the simula-
tions of samples 4 and 5. The relative differences between the Mie-
based and Φ∗∗

ZnO-based βZnO and ωZnO are −81.84 and −2.92%,
respectively.

Fig. 7 shows T for samples 4 and 5. Note that in contrast
to samples 1–3, T obtained for Mie-based βC, σsca,C and ΦC is
overestimated. Since C is highly absorbing, the effect of incom-
ing scattering becomes less important with increasing content of
C [7], and hence, it is anticipated that Φ has a smaller influ-
ence on T . Moreover, the volume fractions of C in samples 4 and
5 are relatively small and variations of σsca,C and βC do not in-
fluence the computed transmittance significantly. However, it was
observed during the preparation of the samples that C darkens the
surface of ZnO particles during the mixing process. Hence, the ex-
tinction coefficient of ZnO was decreased from the Mie-based value
to βZnO = 67800 m−1 (by 68%) for samples 4 and 5 to account for
the increased absorption, while the scattering coefficient was kept
unchanged at σsca,ZnO = 37800 m−1. This led to reasonably good
agreement with the experimental results.

The required decrease of βZnO and ωZnO as compared to the
Mie-based values for samples 2–5 is attributed to the dependent
scattering effects affecting the small ZnO particles packed in the
void space between the large SiO2 particles [23,29,30]. The hetero-
geneous character of all samples, the non-spherical shape of the
densely packed SiO2 and C particles, and the dependent scattering
effects affecting them [16–18], further lead to the observed dis-
crepancies.

The MC computation accuracy is assessed by calculating the rel-
ative mean standard deviation of the overall transmittance S T̄ /T
for sample #5 [20,21]. Separate MC simulations, performed for 10
ray sub-samples each containing 105 rays generated for a different
set of random numbers, lead to S T̄ /T = 0.065.

6. Summary and conclusions

Radiative characteristics of packed-bed mixtures containing
polydispersed SiO2, ZnO and C particles were determined nu-
merically by employing the Monte Carlo technique and validated
experimentally by comparing the computed and measured overall
transmittance. In the first approach, the Mie theory was applied
to compute the scattering and extinction coefficients and the scat-
tering phase functions of independently-scattering particles, which
led to an underestimated transmittance for highly-scattering sam-
ples containing SiO2 and ZnO, and to overestimated transmittance
for highly-absorbing samples containing—in addition—C. Reason-
able agreement between the experimentally measured and numer-
ically computed values of the transmittance was achieved when
incorporating approximate phase functions for SiO2 and ZnO par-
ticles that matched the experimentally observed preference for
forward scattering and an augmented absorption coefficient of ZnO
that accounted for darkening by added carbon particles.

Future studies will focus on directional-spectral measurements
at high temperatures to determine the radiative properties of
porous materials encountered in solar thermochemical reactors,
such as packed beds of ZnO, C and CaCO3, and reticulate porous
ceramics.
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